COPUINCKA MATEMATUYECKA TIMHA3UA

TYPHUP 110 MATEMATUKA 1 THOOPMATUKA
"SA TOPTATA HA INPEKTOPA"

TEMA 110 MATEMATUKA
10 m 11 KJIAC

Banaua 1. Jlagen e AABC u onmcanara My oKpbKHOCT k. ‘brionoossmara va £/ BAC
npecuda k B Touka T' # A. Toukure M u N ca cpeaure Ha AB u AC' cborBerHO. Otmnca-
HuTe OKpPbxKHOCTH 0KOJI0 NATM n AATN mupecudar cumerpaure Ha crparure AC u
AB cvorBetno B Toukn X u Y, karo X u Y ca or Bbrpemuocrta Ha NAABC.

a) [a ce pokaxe, ue NY || AT

6) Ako npasute M N u XY ce npecuuar B K, 10 Ja ce mokaxe, ue KA = KT.

Samaua 2. Exna pemuiia oT ecTeCTBEHN UHCIA A1, U3, ..., A, I HApHIaMe Jupexmopcka
aKo a1 +as+...+a, = 3nuzascdko 1 < k < n—1cymara Ha BceKn k 4jieHa Ha peJIAIATa
He ce jeyan Ha n. [a ce HaMepaT BCUYKU JUPeKmMopcky, PeIi.

3amaua 3. [lajen e Kpbr, B KoiTo ca rnoctpoenn n € N auamerbpa, KOUTO TO pa3essT
Ha 2n eaHaKBU ceKTopa. l[losoBuHATA OT CEKTOPUTE ca OIBETEHW B CHH IBAT, a Jpyrara
IIOJIOBUHA - B 4YepBeH. UepBeHUTE CEKTOpH Cca HOMEPUPAHHU IIOC/IEIOBATETHO C YHC/IaTa
oT 1 10 n 110 YACOBHHKOBATA CTPEJIKA, KATO HOMEpAIUSTA 3all09UBa OT IIPOM3BOJIEH Uep-
BeH cekTop. CHHHUTE CeKTOPH Ca HOMEPHPAHHM ChC CBIIUTE YMC/Ia IO ITOCOKA, OOpaTHa Ha
JaCOBHUKOBATA, CTPEJIKa, KATO HOMepPAIUATa 3al0vYBa OT IPOM3BOJIEH CHH cekTop. a ce
JIOKazKe, Ue BbB BCIKa €JiHa KOH(PUIYPaIUd ChIIECTBYBaA MOJYKDPBI, ChbPKAaIl] YUCIATa
or 1 510 n.

Bamaua 4. [lajgena e okpbkuOCT k 1 pukcupana xopia AB B Hest, KOATO He € IMaMeThbD.
Toukara M e cpenara Ha ma-majkara jgbra AB. Toukara C' e or ronsmara abra AB.
Hommparennara kbM k B C' pecuva gonuparegHuTe KbM k B ToukuTe A 1 B ¢bOTBETHO
B TouknTe P u () cvorBerHo. [IpaBure M P u M(Q) upecuuar AB B toukute R un S
cproTBeTHO. Jla ce jokazke, de jIb/KnHaTa Ha orcevdkara RS He 3aBucm oT m3bopa Ha
Touka C.

3anaga 5. /lajienn ca ecrecTBEHUTE YUCTIA T U Y.
Ia ce gokaxe, ye unciaoro A = z% + xy + y? BUHATM 3aBbPIIBa Ha YeTeH GPOit HyJIH.

Bamaua 6. lajgeno e 2 < k € N. Jla ce namepar senaku dyakiun f : Ny — Ny, 3a kouto

f@)zOHf@):1+f(Eﬂ>3ammmn€ﬁ$

2Kypumo eu noowcerasa Yenex!



PEIITEHN A:

Bana4a 1. Jlagen e AABC u onmcanara My oKpb:KHOCT k. ‘brionosossimara va £ BAC
npecuya k B Touka T # A. Toukure M u N ca cpegure Ha AB u AC cvorBetHo. Otmca-
HuTe OKpPbKHOCTH OKOJI0O NATM u AATN upecudar cumerpasure Ha crpanute AC u
AB cvorBetno B Toukn X n Y, karo X n Y ca or Bbrpemuoctta Ha AABC.

a) [a ce nokaxe, ue NY || AT

6) Ako npasure M N u XY ce npecuuar B K, 10 1a ce nokaxe, ye KA = KT.

C

Pewenue a). locrarbano e na jpokaxem, de TY | AB. Haucruna, toraa /NAT =
£ZBAT = ZATY wu or suucanocrra Ha ATY N cuensa NY || AT.

Hexka noctpoum mpasa [, MunaBaria mpe3 1, kosto e ycropeana na AB. Heka tasu npasa
npecuda cuMmarpaJgara Ha AB u okpbxKHOocTTa k B Touku Y/ u Z. OueBugno e, ye ABTZ
e Tparer, snucai B okpbxHOCT. Torasa AZ = BT, no BT = CT, nonexe T e cpena
na BC. Torasa AZ = CT, oTKbIAETO CIeJBa, |e AZ = CT. Or ITOCJIETHOTO PaBEHCTBO
saksouasame, ye LTAC = /ZCA u orryk nonydasame, ye AT || ZC. Yerupuwbrbi-
uukbT ATCZ e tpamner, KoiTo e Biucan B OKpbxkHOCT. CJie0BaTETHO TO3U TpAIel] e
pasHoOeipen. Torasa AC = ZT', karo jquaronajim B paBHOOepen Tparer. /la ce BbpHem
Ha paBHOOepenust tpanern, ABTZ. Suaem, ye MY’ e cumerpana Ha AB u or c¢bobpa-
JKeHus 3a cuMmerpus caeasa, 1e MY’ e cumerpana u na Z71. Torasa Y’ e cpena na ZT.
Ho N e cpena na AC. Torasa Toukure N u Y’ jlexkar Ha cpejHara OTcedKka Ha TPaIlela
ATCZ, xoero osnauasa, ue NY' || AT u wernpubroaauk ATY'N e tpamner. Ocsen ToBa



ot pasernctBoto AC' = ZT cnenpa AN = TY . Torasa ATY'N e paBHOOe/ipeH Tparieir.
Cure1oBaTeIHO TO3M YETUPWHI'bJIHUK € BIIMCAH B OKPbKHOCT. Torasa Y’ e nmpecedna To4uka
Ha olmcaHaTa OKpbKHOCT 0KoJ10 AANT u cumerpanara Ha AB. Ocsen Tosa Y’/ He Mmoxke
Jla CbBIIAJIA C IIpecevHaTa To4uka Ha onucarara okosio AANT OKpbKHOCT U CHMeTpaJiaTa
Ha AB, xoaTo e pasimuna or Y. Ciegosarenno Y/ =Y u Torasa nojydaBame UCKaHOTO.

L

Pewenue 6). Or npeaxonnara mogrouka uMame pesyarar NY || AT. Ananorndro ce us-
Bexknau MX || AT. Heka ANNTY = U u AMNTX = V. Ot upennara moATOUKa 3HACM,
qe TY || AB u anamornuno umame T'X || AC. Torasa dburypara AVTU e ycnopeHuK.
Hemo noseue, To3u ycrnopeaHuk e pom0, 3amoro juaronaabr AT pasnosossasa /V AU.
Ocsen ToBa, Ja 3abesexxkuM, ye Tpublbianunure ANY U u AX MV ca XoMOTeTUYHH T.€.
CTpaHUTE WM JIeKaT Ha BbIVIM ¢ B3auMHoycrnopeauu pamene. Toraa MN, UV u XY ce
npecudar B eqra Touka. Ciaemgoarenno K € UV. Ho oueBumno UV e cumerpana va AT
ToraBa MCKaHOTO TBBPEHUE € JJOKA3aHO!

Ouenasane a). Unest 3a nokassane va TY || AB - 1 Touka, [locrposiBane Ha Touka Y -
2 toukm; JlokazaresncrBo, ue Y =Y’ - 4 Toukn.

Ouenasane 6). zson, ue M X || AT - 1 Touka; Pesynrar, ve ANY U e xomoreTudeH Ha
AMV X -1 touka; /lopbpiBane - 1 To4Ka.

Samaua 2. Ejxna peaunia oT ecTeCTBEHH UUCIA A1, A3, ..., Ay, 1€ HApHIAME JUPEKMOPCKA



aKo a1 +as+...+a, = 3n u3aBciako 1 < k < n—1 cymara Ha BCEKH k djieHa Ha pPeuIaTa
He ce jgeyn Ha n. [a ce HaMepsaT BCUYIKU JUPeKmopcky, PeIyii.

Pewenue. Hexka S; = a1 +as + ... +a; 3a Besgko 1 <7< n — 1.

Heka S| =ay u S, = S; 3a Begro 2 < i <n— 1.

Pasrnexame gunciara S;. AKo u3Mexk Iy TX MMa JBe, KOUTO JIaBaT PABHU OCTATBIM TPU
JleJieHne Ha m, TO pasJjiiKaTa Ha JIBe TaKWBa 4YUCa I1e IpejcTaBisBa cbop Ha k ducia,
kbaero 1 < k < n — 1 u To3u cbop mie ce Jeau Ha N, KOETO € HEeBb3MOXKHO. ToraBa
muokectBoro M = {51, 5y, ..., S, } obpasyBa mwbjiHa cucTeMa OT HEHYJIEBH OCTATBIM O
Moyt n. Auamormano N = {S,S5, ..., S/} obpasyBar Irb/jHa cuCTEMa HEHYJIEBH OCTATHIIN

o moxaysn n. Tosa osmadasa, ye S; = S] (mod n), it kKaro S; = S;’ 3a 2 < i < n.
Tosa o3nadaBa, de a; = ay (mod n) u anamorndno a; = a; (mod n) 3a BeeKu jaBe i, j =
1,2..n. CrenoBaresnso a; = az = ... = a, (mod n). Heka cera a; = nt; + r, Kbjaero

ti € Ngou 0 < r < n. ToraBa a; + as + ... + a, = 3n e eKBUBAJEHTHO Ha PaBEHCTBOTO
n(ty + ta + ... + t,) + nr = 3n. Taka nonygasame, de t; + ty + ... + ¢, + r = 3. ZdcHo
e, ue n < 3. Cera ocraBa jia pasrjegamMe TpHU ciaydas 3a r, a umerno r = 1,2,3. BOO
t; <ty < ... < t,. Crnen pasriex/iaHe MOOT/ETHO Ha CJIydauTe IoJydaBaMe, 9e BCUIKH
JIMPEKTOPCKU PEIHIH Ca:

(1,1, 1,20+ 1)5 (1,1, o Lt + 1+ 1)5 (2,2, 00,2, 4+ 2); (3,3, ..., 3, 3),
KaTo IOCJIeIHATA PEJMIa € perienne camo Korato (3,n) = 1, a Bropara, korarto (2,n) = 1.

Ouenasare. 3a N3MOI3BAHE HA CyMUTE S; - 2 TOUKH; 38 apryMeHTa, Ue Te3U CYMU JaBaT
Pa3/IMYHE OCTATBIM 110 MOAYJI n - 2 TodkwW; Pesyrrar a; = a; (mod n) - 3 To4kwy;
Otrosop - 3 TOYKH.

agada 3. [anen e Kpbr, B KOiTo ca moctpoern n € N aumamMerbpa, KOUTO 'O PA3IeIsiT
Ha 2n eaHakBU cekTopa. IlosiloBuHaTa OT CEKTOpUTE ca OIBETEHW B CUH IIBAT, a Jpyrata
IIOJIOBUHA - B UepBeH. UYepBEHUTE CEKTOPHU Ca HOMEPUPAHM IIOCJIEJ0BATEIHO C UUC/IaTa
oT 1 /1o n TT0 YaCOBHUKOBATa CTPEJIKA, KATO HOMepaIlddTa 3aIl0uBa, OT ITPOU3BOJIEH Yep-
BeH cekTop. CHHHUTE CEKTOPU Ca HOMEPHPAHM ChC CHIIUTE YMC/Ia 10 ITOCOKA, OOpaTHa Ha
JaCOBHUKOBATA, CTPEIKa, KATO HOMEpPAIIUATa 3all0uBa, OT IIPOU3BOJIEH CHUH ceKTop. a ce
JIOKazKe, Ue BbB BCIKa €JiHa KOH(PUIYPaIKsd ChIIECTBYBaA HOJIYKDPBI, ChIbPKAaIl] YUCIATA
or 1 no n.

Pewenue. la pasriemame mpo3BosieH moayKpbr. "CTbika’ 1e Hapudame M3MeCTBAHE Ha
HOJIYKP'bIa € €JIMH CeKTOP TI0 ITOCOKa, Ha YACOBHUKOBATA CTPEJIKA (MaxaMe I'bPBHs CEKTOD
OT MOJIyKpbra u JobaBsMe IIbPBUS U3BbH Hero (6poefiku Mo MOCOKa Ha JacOBHHKOBATA
crpesika)). Ha Bcekn mostyKpbr 1e ¢bhIOCTaBUM JIBOHKa dncya (a;b) Taka, de a € paBHO
Ha ['bPBOTO OT YepBeHuTe (OpOefiKh 10 MOCOKa Ha YACOBHUKOBATA CTpEJKa) U b - Ha
I'bPBOTO OT CUHUTE (AKO OT €JMHUs [BAT HAMA YUC/Ia 33Jla9aTa € PelleHa 3aI0To B TO3U
HOJIYKPBI Ce cpelra Besiko dncyio ot 1 70 n). Ha Besika crblika HpaBUM TOYHO €JHO OT
CJIETHUTE Hellla: yBeJIndaBaMe I'bPBOTO YnCJIo OT JBoiikarta ¢ 1 (a craBa a + 1 (mod n))
WM HaMaJisiBaMe BTOPOTO 4ucyIo ot fasoiikara (b craa b — 1 (mod n). Ciemosaresno Ha
BCsIKa CTbIKa yBeaundasame a — b ¢ 1 (mod n), orkbiero ciesa, de cien n — 1 crbioku
e e UMaJjIo curyanus npu koatro a — b = 1 (mod n). ToraBa B TO3u HOJIYKPBI I UMa



k «ucia 3amodsaniy OT @, BCSIKO OT KOUTO € ¢ 1 HO-TOJISMO OT IPEIUIITHOTO [0 MO/ 7
u n — k umcna 3anousamm or b = a — 1 (mod n), Besiko o1 KouTo € ¢ 1 1mo-Masiko oT
IPEJIUIITHOTO OTHOBO 1O MOy 1. CIieoBATEIHO B TO3H HOJIYKPBI IIIE Ce CPeIra BCAKO OT
qucjaaTa oT 1 10 n.

Ouenasane. Pasriexiane Ha moJyKpbrosete u jnpoiikure (a;b) - 2 Touku; Pasriexnane
Ha TIpoMsHaTa Ha jBoiikara (a;b) cien npunarane Ha "crbika’ - 1 Touka. Pasrexjane
Ha a — b (mod n) cien npuiarare na “crbinka’ U HoKaszsane, 9e ¢ —b =1 (mod n) cien
Joctarbaen O6poit "cTbiku’ - 4 TOYKMW; 3aBbpIIBaHe - 3 TOUKMU.

Banaua 4. /lagena e okpbxkHOCT k 1 pukcnpana xopaa AB B Hesl, KOSITO He € JMAMETBD.
Toukara M e cpenara Ha na-majkara abra AB. Toukara C' e or romsimara abra AB.
Honuparenanara kbM k B C' ipecuda Jonupareannre KbM k B ToukuTe A 1 B ¢bOTBETHO
B Toukure P u () cworBerno. IIpasure M P u M@ upecuuar AB B Toukute R u S
cboTBeTHO. Jla ce jokazke, Ue Ib/DKHHATa Ha oTcedkara RS He 3aBucu or m3bopa Ha
Touka C.

M

P C Q

Pewenue. Heka CMNAB = X. Ilonexe M e cpejia Ha ZE, To AM = AB. CretoBaresiHo
IMAB = ZMCB. Cera na zabenexnm, ae¢ NAMX ~ ACMA nonexe ZJAMX =

AM  AX

LCMAw LXAM = LZACM. Torasa cM - A

Pasriexxname AAC M, B koiito npasure MY u M P ca ¢bOTBETHO MeraHa U CUMEIUaHa.

Taka nonyaasame ZAMP = ZCMY. Orryk cieiasa, ve AAMR ~ ACMY . Torasa
AM AR AM AX AR AX

OTKBAETO CJIeABA —— =

cM oy " oM T A cYy ~ CA’

Heka ¢ Y oznaumm cpegara na AC.

oJTydaBamMe [TocstemnoTo



AR CY cy 1 AR 1

PABEHCTBO € eKBUBAJIEHTHO Ha —~- = 7, HO —7 = o. Toraga A — 5 U UoyuaBame,
ge R e cpena va AX. Anajoruuno S e cpena Ha BX.

AX + BX AB
Torasa RS = RX + XS = i = . Ho nbmxunara na AB He 3asBucu or

2 2

u36opa Ha C', OTK'bJIETO ClIe/iBa U TBbPAEHUETO Ha 3ajadaral

Ouensasane. IlocrposiBane Ha Toukara X - 2 Toukwm; [logobue AAMX ~ ACMA - 3
Toukm; [locrposgBane Ha Touka Y - 3 Toukm; l3Box, ue R e cpega vHa AX - 1 TOUKa,
JlosbpiiBane - 1 Tovuka.

Samaua 5. Jlajgenu ca ecTecTBeHUTE YNCIa T U .
Ja ce mokaxe, 1e uncaoro A = x? + Ty + y2 BUHAI'U 3aBbpPIIBa Ha UeTeH OPOil HYJIU.

Pewenue. Ille samounem ¢ TpuBHaJIHOTO TBbLpAeHHe, de ako A He ce menu Ha 10, TO
3aBbpIBa Ha deTeH Opoit mHysu - 0. Heka cera A ce mesnm na 10. e nokaxkem, ge ako 10
nemm A, To 10 gesmm x U Yy TOOTIETHO.

Hexka 2 nemn 22 +xy+1y?% 3a 2,y € N. OueBnamno ne e Bb3MOXKHO T U Y Ja ca ¢THOBPEMEHHO
HEYETHH, [TIOHEKEe ToraBa A e HeueTHO W 2 He MOzKe Jia I'o Jieji. Torasa 2 jiejin IOoHe €IHO
or x uy. BOO 2 nenu z. CiemoBarenno 2|y2, OTK'BJIETO ciiesBa, ve 2|y. Toecr, ako 2 jgesn
A, saabmxurento 2|(z,y).

Cera meka 5 jgem 22 + zy + y? 3a x,y € N. SlcHo e, we ako 5 Jie/m €HOTO OT T U
y, T0 b nenu u japyroro. Jla jomycuem, e 5 we genm x. Torasa m y me ce jenu Ha 5.
Crenosarensno (z,5) = (y,5) = 1. Ilpunarame apa mbru Maskara Teopema Ha Pepma

u nostydasame, e ' = 1 (mod 5) u y* = 1 (mod 5), orkbiero cireapa, ye xt = y?
(mod 5). Ho or apyra crpana 5|z? + xy + y*, koero nu gasa 5|z — 3°. Taka mosyua-
pame 7° = y° (mod 5). ITociennoro cpapnenue nu jgasa ! = xy® (mod 5), no z* = y*

(mod 5), otkbeTo osTyyaBame, Ue ry> = y! (mod 5). Ho nue 3naewm, ue (5,y) = 1, koero
osnauasa, ue (5,y*) = 1. Torasa 1nocjieIHOTO cpaBHeHUe € PABHOCKIHO Ha © = y (mod 5).
Torapa 0 = 22 + 2y + y? = 322 (mod 5), otkbaeTO criensa, ye 5/3y%. Torasa 5 genu y u
nostygasame nporusopedne. CreiopaTesino ako b|ax? +xy-+1y2, To 5 Jeu & 1 Y OOTIeIHO.
Cruraaxme 10 u3BoJa, 9e ako 10 memu A, To 10 nemm o u y nootnesnno. Torasa TBbpie-
HIETO Ha 3aJ1a9aTa ¢ OUeBHIHO!

Ouenasane. JlokazarescTBo, de ako 2 JieJin u3pasa, TO 2 JIeJI U JABeTe Yucia - 3 TOYKMH;
JlokazaresIcTBO, Ue ako b JieJin u3pasa, TO H eIl U ABeTe UnC/ia - D TOYKH; 3aBbpIlBaHe
Ha 3ajJladara - 2 TOUYKMH.

Bamaua 6. lageno e 2 < k € N. Jla ce mamepar senaku dyakiun f : Ng — Ny, 3a kouto

f(O):OHf(n):lJrf({%D 3a Besiko 1 € N,

1
Pewenue. Tlpu n = 1, nonygasame f(1) = 1 + f<{%}) = 14+ 0 = 1. Ananoruano

n
nosydasame, de f(n) = 1 3a Besgko 0 < n < k, 3a1moro [% =03a0<n<k Ile



JoKazkeM, de 3a Bcgko n € N nmame f(n) = [logk n] + 1. 3a menTa Ine M3MOTI3BaAME

WHTY KIS 110 [logk n] .

® BaSa: KaKTO BUAAXME, YCJIOBUETO € U3II'bJIHEHO 3a BCUKHN €CTECTBEHU YUCJIa B WH-
repBaa [1; k — 1]. Torasa [logk n} = 0. [lonexke k > 2, TakuBa eCTECTBEHU UHCTIA

CbIICCTBYBaT 1 baszara e HaJiiie.

e Ulnykuumonno npenosoxenne: Heka cera f(n) = m + 1 e u3mrbJHeHO 3a ecTecTBe-

HUTE YUCJIa 11, 38 KOUTO [logk n] = m, KbjeTo m € Ny.

e Crbuka: Heka ny € N, 3a xoero [logk no] = m + 1. Torasa {logk [%H = m. Ho

No
or yciosuero f(ng) = 1+ f {? . ChbritacHO WHIYKIMOHHOTO ITPEJIIOJIOKEHIe

f([%]) =1+ {logk {%H =m+ 1 u ToraBa f(ng) = m+2 = [lngno} + 1.

Taka jiokazaxmMe 1 MHJIyKITMOHHATA CT'bIIKA.

BaksouBame, e f(n) = [logk n] +13aBeako n € Nu f(0) =0.

Ouenasane. Unest 3a maayknus - 1 Todka; baza na muaykiusara - 2 TOYKU; 3a-
BbpIIBaHe Ha UHAyKIuATa - 6 Toukm; V3Bexxgane Ha [ B sBeH Bui - 1 TOYKA,
Yacruanu cyOCTUTYIMNA, KOUTO €& CHIIECTBEHHU 3a PEIICHUETO, Ce OIeHABAT C JI0 2
TOYKU.



