COPUINCKA MATEMATUYECKA TIMHA3UA

TYPHUP 110 MATEMATUKA 1 THOPOPMATUKA
"SA TOPTATA HA INPEKTOPA"

TEMA 110 MATEMATUKA
9 KJIAC

Bamada 1. /la ce qoKaxe, de He ChINECTBYBA JBOMKA OT PAIMOHATHI YU (X;7Y), YI0B-
JIeTBOPABAIIU eHOBpeMeHHo 4° = 23 + 3z +2 u 22 = y3 + 3y + 2.

3amaua 2. /lajsiena e abeka 8 x 8, karo 10 ot nosierara it ca Mmapkupanu. /la ce jgokaxe,
Ye U3MEXKIy MApKUPAHUTE MOJIETA CHIECTBYBAT JIBE, 38 KOMTO MUHUMAJIHUS OPOii X0/10Be,
3a KOUTO WATMAMEH KoK MOYKE Jia CTUTHE OT €JIHOTO JI0 JPYTOTO € He MO-MAaJIKO OT 3.

Bamaua 3. lazen e rpad G ¢ Kpaen Opoit BbpxoBe. V3BecTHO €, 4e OT BCEKU BPDHX
u3u3ar none 2016 pebpa. [a ce jmokaxke, de B rpada nma nMuKbJI ¢ JbKuHa moHe 2017.
1 1 1 3 3 3

Bama4da 4. /la ce j0KaXKe HEPABEHCTBOTO — + — + —
g Hla ce aoKaze HepaRCHCTEOTO k3 2 ooy e Y o

, K'bJIETO

a,b 1 ¢ ca IOJIOKUTEJIHA PeaHI IUCIIA.
Bamaua 5. /la ce pemu B ecTecTBeHH 4ucia ypasHenuero 2" — m?3 = m? — 16.

Bana4a 6. lagen e AABC, B koiito M, N u P ca cpeaure Ha crpanutre AB, BC'u CA
cvorBeTHO. Brimcanara B AABC okpbxkuOCT Jonupa crpanute AB u AC ¢boTBeTHO B
toukutTe F u F'. llpasure NM u N P npecuuar npasata EF' B Toukute V u U ¢bOTBETHO.
a ce mokaxke, ge npasute BU u C'V ce mpecudar Bbpxy brionososdamara va /BAC.

2Kypumo eu noocenasa Yenex!



PEIITEHN A:

Bagaua 1. [la ce Jokaxe, Ue He ChINECTBYBa JBOHKA OT palMOHAIHE Yucia (T;y), YI0B-
JIeTBOPABAIIN eIHOBpeMenHo y2 = 22 + 3z + 2 u 22 = v + 3y + 2.

IIspso pewerue. Ha jiomycHeM, Ue CbIIECTBYBAT PAIMOHAJIHU YUCIA T U Y, KOUTO H3-
a c

I'bJIHABAT YCJIOBHETO Ha 3ajladaTta. Heka v = — n y = 7 KbJleTo a,¢ € Z n b,d € N
U usibaHgBaT yeaosuero (a,b) = (¢,d) = 1. [la 3amecTuM B IIbPBOTO ypaBHEHHE OT
ycaosueto. ITomyuaBame
2 3
c a 3a
Eop Ty t2e (¥)c*b® = a®d® + 3ab’d* + 2b°d°.

Cera ma 3abemexxnuM, de b? nemn ¢2b?, 3ab*d? n 2b3d?, otkbrueTo caensa, e b? gemm a®d? n
noneske (a,b) = 1, To nosydasame, e b?|d?, orkbiero ciejpa, de b|d. a zabeseskum, de
BTOPOTO ypaBHEHHUE OT YCJIOBHETO € CUMETPUIHO Ha IbpBoTo. ToecT b 1 d ca cuMeTpuaHn
OTHOCHO JiBeTe ypasHerust. ClieoBaTeIHO BTOPOTO ypaBHenue Hu jnasa b|d. Tlonexe b, d €
N u b|d u d|b, To cnensa, 4e b = d. 3amectBame d ¢ b B (*) u noayuasame c’b® =
a®b?+3ab*+20°. JTa sebenexxum, e b|abh?, koero oznavasa, ve b|a®, no nonexe (a,b) = 1,
to (a3,b) = 1. Cienosaresno b = +1, no b € N. Cresroparenno b = 1, oTKbIETO CiejiBa U
d = 1. ToecT aKko CBLIECTBYBAT PAIMOHATIHE X 1 ¥, KOUTO H3IILIHABAT YCIOBHETO, TO TE Ca
resm. C TIoMoIITa Ha HHIYKITHA Ce T0Ka3Ba, e 3a BCAKO 1o m < 0, m3pasbT m> +3m+2
e orpunaresnen. Ho nonexe 73 + 3z + 2 = y? > 0, To nosyuasaMe, de T TpsAGBa, 1a Oble
1AJI0 HEOTPUIATEIHO |ucyI0. AHajorndno nosaydasame u 3a y. OueBmano ako z = v,
nosygasame nporusopeune. BOO x > y, oTkbaero ciaensa, 9e 12 > y? = 2 +3x+2 > 23,
OTK'bJIETO ciejBa, de x < 1. ToraBa x = 0. Ho npu z = 0 umame y < 0, mpoTuBopevne.

Ouenasane. Pesynrar d|b - 3 Toukm; Ananorus 3a b|d -1 Touka; Sakmouerne b = d - 1
To4dka; CBexkiaHe /10 1eJn 9ucjia - 2 ToOYKH; JJoBbpiiBane - 3 TOUKH.

Bmopo pewenue. Ja nomycrenm nporusaoTo. IloHexke momumnomsT 22 — 22 4 37 + 2 nama

parnmonaiHu Kopenu, umame x # y. [lomarame s = z + y u p = xy. Cubupanero Ha jBere

3 524+ 3s5+4
ypaBHeHud JaBa s> —2p = §5 —3sp+ 35 +4 & p = i ;S—{__ 28 i Baxmno e nma ce
2

oTbesIexKN, ue s = 3 e anympa 53 — 82 4 35 + 4. UsBazkaMe J[BeTe ypaBHEHUA U Pas/ie-

JgMe Ha 10ydeHoro Ha x — y # 0. [lonydasame —s = s> —p+3 & p = 5% + s + 3. Taka
3 —s?2+35+4

3 5 =524+5+3 & s3+52+25—5 = 0. IlocaegHoTo HAMA pPAIMOHATHI
Kopetlil, IPOTHBEOpeUHe.

Ouenasane. Ciayaait x = y - 1 Touka; Unes 3a cumerpudnn mojguHOME - 1 TOYKA;

Enno uspassBane Ha elHaTa TPOMEHINBaA dpe3 apyrara - 2 Touku(C obmo 5 Touku 3a
JIBe TaKWBa; OTHeMa ce 1Mo 1 TOYKAa 3a BCAKO JleJleHre Ha W3pa3 Ha § WM P, aKO He e
obocHoOBaHO 3aro He ce Jeqn Ha 0); [IpupaBusiBane u 1oBbpIIBaHE - 3 TOUKMU.

3amaua 2. /lajsiena e abeka 8 x 8, karo 10 oT noJsietara it ca Mmapkupanu. /la ce gokaxe,
Je M3MeXK Iy MapKUpaHUTe MoJieTa ChIeCTBYBAT JIBe, 38 KOMTO MIHUMAJIHUsT OPOii X0/10BE,
3a KOUTO WATMAMEH KOH MOXKE Jla CTUTHE OT €IHOTO JIO0 JPYTOTO € He IO-MaJKo OT 3.



Pewenrue. JTa nomycaem nporuHOTO (OT BCSIKO MAPKUPAHO TI0JIE JI0 BCAKO JIPYTO CE CTUTA
¢ He TIoBeYe 2 x0/1a Ha KoHs ). CrieIoBaTeIHO, HMA JIBe MAPKUPAHHU TI0JIeTa Ha PA3CTOSHIE
HaJ1 4 10JIeTa XOPU30HTAIHO WU BEPTUKAJIHO, OTK'BJIETO CJIeJIBa, Y€ BCUYKH I10JIeTa Ca B
ce ChIbpXKaT B KBIpaT b X . a pasmosioknm KBajpara 5 X 5 Taka de B Hall-ropHUS
My peJl Jia UMa MapKupaHo moje. Heka egHO OoT MapKUpaHHUTEe I0oJieTa Ha Hal-TOPHUS
pex e mosiero "X”. C 70”7 me o3HAYMM IOJIeTaTa J0 KOUTO HE MOXKe Ja Ce CTHTHE C JI0 2
X0/1a Ha KOHsI OT 110J1eTo "X”, a ocTaHa/nuTe IoJIeTa IIe CbIbPKAT eCTeCTBEHH UNCIa, KAaTo
JIBE KJIETKH IIIe UMAT €JIHAKBU YUCJIAa aKO OT eJHaTa He MOXKe Jla ce CTHTHE JI0 JpyraTra
J10 2 xojia Ha KoHd. Jla pasriieiame mmerTe ciydasi OTHOCHO IMO3UIUsTa Ha 1ojero "X B
KBaJpaTa d X .

1 cayuait 2 cirydaii 3 ciydait
X10[1/0]6 0/ X|0|71]0 110 X107
0134120 11012]3]6 6130 2|7
115]0[0]5 514181010 0511410
012(0[3]0 210111015 012]0131]0
610[(4][0/0 0130140 41016015

YerBbpTH ¥ TETH CJIydail ca aHAJOMMYHM (CHMETPWYHM) Ha BTOPH U I'bpBU. B Tpure
caydasi, ocBen "X’ mMma Hail-MHOTO oItle 8 Mapkupanu nojerta. CiremoBaTesHO 0010 nMa,
Haii-mHOTO 9 Mapkupanu nosieta. Cjie/iBa MPOTUBOPEYNE ¢ JOIMYCKAHETO, Y€ OT BCIKO Map-
KHUPAaHO II0JIe 0 BCSIKO JPYro MOKE Jia ce CTHIHE C JI0 2 X0J1a Ha KOHI.

Ouenasane. ChobparkeHne, de BCHIKI MapKUPaHU T0JIeTa Ca PA3IOJIOKEHN B KBaJIpaT 5
x 5 - 3 Touku; Pa3riex jane Ha cjydan 3a pasIloJIoyKeHNe Ha KOH Ha Hali-ropeH pej - 3
TouKM; /loKazare/yicTBO, Ue MaKCHMaJIHUSA OpOil MapKUpaHU I10JIeTa 3a BCEKH ciIydail e 9
- 4 TOYKMN.

Bamaua 3. [lazen e rpad G ¢ Kpaen Opoii Bbpxope. VI3BecTHO e, 4e OT BCEKH BPBHX
n3ym3at nore 2016 pebpa. [a ce mokaxke, de B rpacda mMa MUKDBII ¢ Ib/KAHA ToHe 2017.

Pewenue. Jla pasriaegame Haii-nbiarng mbT B rpad (G, mpeMuHaBaIl IIpe3 BPbX IO HE
noBeve or BeHbK. Heka BbpxoBere B To3u bt ca Vi, Vo, Vi, ... V. la nonycuem, qe V)
umMa cbeel U, takbs ue U # V; 3a Besiko @ € [2;n]. Torasa mie cbinectyBa bt U, Vi, Va,
... Vi, KOUTO € TIO-/IbJI'bI OT MaKCHUMAJIHUSI, C/IeI0BATE/IHO UMa IIpoTuBopedne. ToBa 3HaUN
Je BCeKU OT cbeeaure Ha Vi e enun ot V; 3a 4 € [2;n]. Twit kato V) nma nowe 2016 cbeena,
TOBA 3HAYM Y€ HAM-TOJIAMOTO k 3a KoeTo Vi e c¢beex Ha V) e > 2017. Crenosaresno nma
mkba Vi, Vo, ... Vi1 Vi, V1, KoitTo cbabpka one 2017 Bbpxa.

Ouenasane. Pasriexxane Ha Hali-IbIrus 6T - 6 Toukn; JopbpmiBane - 4 Touky; [1pn
HepelreHa 3aja4a: JlokazaTejcTBo Ue BbB BCeKH rpad ¢ BbPXOBE OT CTEleH IOoHe 2 hMa
KB - 1 Touka; Wesa 3a n3dop Ha HIKAKbB €KCTPEMAJIEH €JIEMEHT - 2 TOYKH.

1 1 1 3 3 3
Samada 4. — -4+ =>
Jav Jla ce mokazke HEPaBEHCTBOTO p + b + cZ At + b+ 2 + 1 2a’ KDbHJICTO

a, b 1 ¢ ca MOJOXKUTEJIHI peaJiH ducjia.



Pewerue. [Ipunarame HepaBeHCTBOTO MEKJLY CPEJITHO APUTMETUYHO U CPETHO XapMOHIYIHO

a+b+d
IO CJIC/IHUSA HAYUH: 3 > 1 T [TocmesHOTO paBEeHCTBO € PABHOCHUIIHO Ha,
PR
1+1+1> 9 A 1+1 1 9 1+1+1> 9
— 4+ -+ - . Anajornyno — + - + — un—-+-+- .
a b b7 a+2b b ¢ ¢ " b+2¢c ¢ a a c+2a
Cera cymmpaMe TOYJIEHHO TOCJIEIHUTE TPU HEPABEHCTBA, U IOJIyYaBaMe:
1+1+1+1+1+1+1+1+1> 9 n 9 n 9 N
a b b b ¢ ¢ ¢ a a a+20 b+2¢c c+2a
®3+3+3> 9 . 9 N 9 ®1+1+1> 3 n 3 n 3
a b ¢ " a+2b b+2c c+2a a b ¢ " a+2b b+2c c+2a

C ToBa HEPABEHCTBOTO € JOKa3aHO. PagenctBo ce JOCTUra KoraTo a = b=-c.

Ouenssanre. Ilonxongamo rpynupane - 4 Touku; lIpuiarane Ha MOIXOJAN0O HEPABEHCT-
Bo(CACX nm XybaBo HepaBeHCTBO) - 4 TOUKMU; JJoBbpIBaHe Ha PENIEHNETO - 2 TOYKM;
Onury 3a npuaraHe Ha HepaBEeHCTBa MEXKJy CPeIHHU - 2 TOYKHU. [IpuBexkpane mos o0
3HaMeHaTe I U pa3KpuBaHe Ha CKOOU - 2 To4YK!; JloBbpliBaHe Ha PEIeHneTo ¢ pa3sKpUBaHe
Ha CKOOH - 8 TOYKM(KATO 2 TOYKM OT TsX Ca 3a [IPABUJIHO TPYIIHPAHE).

Bamaua 5. /la ce pemu B ecTecTBeHHU 4ucia ypasHenuero 2" — m3 = m? — 16.

Pewenue. Ja 3anmmmem ypasHeHHETO BLB BHja 2" = m?® + m? — 16. Pasriexname oc-
TaThIHTe Ha nm3paza m> + m? — 16 npu nenenne Ha 7. Pasriexmafiku ciydanTte m =
1,2,3,4,5,6,0 (mod 7), nosyuasame crorserno m> +m?—16 = 0, 3,6,1,1,5,5. Yucaara
or Buga 2" mapar ocrarTbim 1,2,4 npu gejieHne Ha 7. 3a Jla € U3I'bJIHEHO PaBeHCTBOTO
2" = m? + m? — 16, To aBeTe My cTpaHu TPAOBa Ja JaBaT OCTATHK 1 IIpH JeleHue Ha
7. Ho ToBa osnauama, ue 2" = 1 (mod 7). CruemoBarenso 3|n u ToraBa CbIIeCTBYBa €C-
TecTBeHO k Takoma, ue 2" = k3. OcraBa ;a pemmM ypasuenuero k3 = m? + m? — 16.
Ouesnguo (m +1)% > k> = m® + m? — 16. Akom > 4, o k> = m®> + m? — 16 > m® un
torasa (m + 1)3 > k* > m?, koero e nepbamoxkno. OcTaBa Ja HAIPaBUM IIPOBEPKUTE 32
m = 1,2,3,4. Yucnoro m® + m? — 16 e Todyen Kyb Ha eCTECTBEHO UUCJIO caMo 3a m = 4.
Taka mosydaBamMe eIMHCTBEHOTO pelieHre Ha 3ajadara (n;m) = (6;4).

Ouenasane. Pasriexaane mo Moy 7 - 2 Touku; Jlokazaresicrso, de n ce jgenn Ha 3 - 2
TOYKHU; 3aKTI0UBaHe MEXK Iy TOUYHN KyOoBe - 4 Toukwy; [IpoBepkn - 1 Touka; 3Bex tane
Ha pereHusTa - 1 Touka; OIEHKN 110 JAPYTH MO/ Ce OIEHABAT ¢ 10 2 Todkwu; [Ipu
HEN'bJIHO pellieHa 3ajada, pasriaexjane BbB Buja 2™ + 16 = m2(m + 1) u uscieBane Ha
JICJIUMOCTH C€ OIEHSIBAT C JI0 2 TOYKU.

Bana4a 6. lagen e AABC, B koiito M, N u P ca cpeaure Ha crpanure AB, BC'u CA
cvorBeTHO. Brimcanara B AABC okpbxkuOCT Jonupa crpanute AB u AC ¢boTBeTHO B
toukutTe I u F'. llpasure NM u N P npecuuar npasata E'F' B Toukute V u U ¢bOTBETHO.
Ha ce moxaxke, ge npasutre BU u C'V ce mpecndar Bbpxy bryonososamara #a /BAC.

Pewenue. e noxkaxkem, de 1eHTHPBHT Ha BIUCaHaTa OKPb:KHOCT [ Jjiexku Ha ripaBata C'V,
OTK'bJIETO aHAJIOIMIHO I IocjaenBa, de I jexku u Ha npaara BU. Heka BV NAC = X.



B AXBC nmame NV || XC u N e cpega na BC. Torasa NV e cpeana orcetuka 8 AX BC
u XV = VB. Cera ga 3abenexum, ae C', [ n V' nexar Ha eana npasa, To ZBVC = 90°. C
JIpYTH JYMH, aKO YCJIOBUETO Ha 3a/1a4aTa € BAPHO, TO V' ¢hBIIaja ¢ MpoeKIusTa Ha B BbpXy
Cl.Heka V' € CIu BV' L CI.1lle nokaxewm, ge V' cbBuaa ¢ npeceunara rouka na M N
u EF. fcno e, ue ako BV'/NAC = X', to NV e cpenna orceuka B ABX'C. Torasa NV ||
AC || NM, orkbaero V' nexu na npasata M N. Cera octaBa Ja okaxkeM, de V' jexn
Ha npaBara EF. [lonexe /X'V'[ = /X'FI =90°u ZIV'B = ZAEB = 90°, 0 cienpa,
ye X'V'IF IV'EB ca siucanu. Torasa ZIX'F = ZIV'F. Ot cbobpazkeHus 3a CUMETPUs
oraocuo npasara CI, umame ZIX'C' = ZIBC. C apyru nymu ZIV'F = /IBC = ZIBE.
Ocsen ToBa ZEIB = /EV'B. Cnenosarenno LIV'F+/EV'B = /IBE+ /EIB = 90°.
Torasa ZEV'B+ £ZBV'I + ZIV'F = 180°, koero nasa pesyarar, ue E, V' u F nexar na
enna npasa. Torapa V' = EF N PN = V. Toect V' = V. Caenosarenrno C, I u V jexar
Ha ejHa npaBa. Anasoruaro B, [ u U cbimo jexar Ha enna npasa. C ToBa rbpBaTa 9acT
OT 3aJaJyara e JioKa3aHa.

C

A P E B

Ouenasane. Xuroresa, 1ue mpapute MuHapat mpe3 [ - 2 toukwn; TBbpenue, de V jgexu Ha
cpejinaTa oTcedka, ycropeana Ha AC - 2 Toukm; Viest 3a e IMHCTBEHOCTTA HA, IIPOEKIINITA
Ha B Bbpxy CI - 2 Touku; 3 1. 3a Peanmuszarus na eauncrsenoctra (V' jnexu va EF) -
3 Touka; lopbpmBane - 1 To4dKa.



